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Convention. The ground set is E, and M = (E, I) denotes a matroid with bases B(M). We write
S − e + u = (S \ {e}) ∪ {u}, χS ∈ {0, 1}E for the incidence vector of S, and S△T for symmetric
difference. Unless stated otherwise, f : 2E → R≥0 is submodular. Monotonicity is assumed only
where it is invoked.

1 Why Local Search?

Local search starts from a feasible set, examines a prescribed neighborhood, and moves whenever
a neighbor has larger value. The neighborhood must be large enough to admit useful exchange
structure and small enough to search. For the intersection of k ≥ 2 matroids, the classical and
local-search bounds are as follows.

Objective and constraints Classical guarantee Bounded-exchange guarantee

Monotone submodular, k matroids 1/(k + 1) 1/(k + ε)
Linear, k matroids 1/k 1/(k − 1 + ε)

The classical bounds follow from greedy analysis; the bounded-exchange bounds, for k ≥ 2, are
due to Lee, Sviridenko, and Vondrák [4, 5]. These are the guarantees analyzed in this lecture.
More recently, Singer and Thiery gave an ordered local-search algorithm with approximation factor
k/2 + o(k) for monotone submodular maximization under k matroid constraints; equivalently, its
value guarantee is 1/(k/2 + o(k)), asymptotic to 2/k [8]. We first develop the one-matroid argument
directly, then isolate the fractional certificate underlying the bounded-exchange analysis.

2 One-Swap Search for One Matroid

Assume in this section that f is monotone. Any independent set can be extended to a basis without
decreasing its value, so an optimal solution may be taken to be a basis. Let r be the rank of M and
fix an optimal basis OPT.

Definition 2.1 (One-swap local optimum). A basis S ∈ B(M) is an exact one-swap local optimum
if

f(S − e + u) ≤ f(S)

for every e ∈ S and u ∈ E \ S for which S − e + u ∈ B(M). For η > 0, it is an η-multiplicative
one-swap local optimum if every such exchange satisfies

f(S − e + u) ≤ (1 + η)f(S).
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Algorithm 1 Threshold one-swap local search
Input: A matroid M = (E, I) of positive rank, a value oracle for f , and η ≥ 0.
Choose a nonloop u∗ maximizing f({u}), and extend {u∗} to a basis S.
while there are e ∈ S and u ∈ E \ S such that

S − e + u ∈ B(M) and f(S − e + u) > (1 + η)f(S) do
S ← S − e + u.

end while
return S.

The choice η = 0 gives exact local search, which terminates because there are finitely many bases,
but it need not take polynomially many iterations. For η > 0, every successful move increases the
value multiplicatively.

Lemma 2.2 (Iteration bound). If η > 0 and f(OPT) > 0, Algorithm 1 makes at most⌈
log1+η r

⌉
successful exchanges. A direct neighborhood scan uses at most r(|E| − r) independence and value-
oracle tests.

Proof. Submodularity, nonnegativity, and monotonicity give

f(OPT) ≤
∑

e∈OPT
f({e}) ≤ rf({u∗}) ≤ rf(S0),

where S0 is the initial basis. Every accepted exchange multiplies the current value by more than
1 + η, while every iterate is a basis and hence has value at most f(OPT). Thus (1 + η)tf(S0) <
f(OPT) ≤ rf(S0) after t moves. If f(S0) = 0, the displayed bound implies f(OPT) = 0, and the
optimization problem is already trivial.

The structural ingredient in the approximation analysis is a one-sided bijective exchange theorem.

Lemma 2.3 (Bijective basis exchange [2]). For bases B, B′ ∈ B(M), there is a bijection π : B → B′

such that
π(e) = e (e ∈ B ∩B′), B − e + π(e) ∈ B(M) (e ∈ B).

Remark. The lemma is one-sided: it guarantees that the exchanged version of B is a basis. It does
not assert that one bijection simultaneously makes B′ − π(e) + e a basis for every e.

Theorem 2.4 (Exact one-swap analysis). Every exact one-swap local optimum S satisfies

2f(S) ≥ f(OPT) + f(∅).

In particular, f(S) ≥ 1
2f(OPT).

Proof. Let π : S → OPT be the bijection above. Local optimality, or equality when π(e) = e,
implies

f
(
π(e) | S − e

)
≤ f(e | S − e) (e ∈ S).
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Write S = {e1, . . . , er} and Si = {e1, . . . , ei}. Monotonicity and diminishing returns give

f(OPT)− f(S) ≤ f(S ∪OPT)− f(S)
≤

∑
e∈S

f
(
π(e) | S

)
≤

∑
e∈S

f
(
π(e) | S − e

)
≤

∑
e∈S

f(e | S − e)

≤
r∑

i=1
f(ei | Si−1) = f(S)− f(∅).

Rearranging proves the claim.

The threshold in the handwritten algorithm must be scaled with the rank. A fixed multiplicative
error can accumulate once for each paired exchange.

Theorem 2.5 (Approximate one-swap analysis). The output of Algorithm 1 satisfies

f(S) ≥ f(OPT) + f(∅)
2 + rη

≥ f(OPT)
2 + rη

.

Consequently, for 0 < ε ≤ 1, taking η = ε/r gives a 1/(2 + ε)-approximation in O((r/ε) log(r + 1))
successful iterations.

Proof. At termination,

f
(
π(e) | S − e

)
≤ (1 + η)f(S)− f(S − e)
= f(e | S − e) + ηf(S).

Repeating the chain in Theorem 2.4 and summing the additional error over the r elements gives

f(OPT)− f(S) ≤ f(S)− f(∅) + rηf(S).

The result follows by rearranging and applying Lemma 2.2.

Remark (The threshold in the handwritten notes). Writing the acceptance threshold as f(S′) >
f(S)/(1− δ) is equivalent to 1 + η = 1/(1− δ). To obtain the denominator 2 + ε, take

δ = ε

r + ε
, η = δ

1− δ
= ε

r
.

3 A Fractional Local-Optimality Certificate

For a nonmonotone objective, extending a set to a basis can decrease its value. The natural
one-exchange neighborhood for an arbitrary independent set therefore permits additions, deletions,
and swaps.
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Algorithm 2 Add–delete–swap local search
Input: A matroid M = (E, I), a value oracle for f , and S0 ∈ I.
S ← S0.
while there is A ∈ I with |A \ S| ≤ 1, |S \A| ≤ 1, and f(A) > f(S) do

S ← A.
end while
return S.

As written, Algorithm 2 describes an exact local optimum and may take exponentially many
iterations. A multiplicative threshold gives a polynomial termination bound; the approximation loss
must again account for how many local inequalities are combined.
We next prove a general device for combining such inequalities. Recall that the Lovász extension
f̂ : [0, 1]E → R may be written as

f̂(x) =
∫ 1

0
f

(
{e ∈ E : xe ≥ θ}

)
dθ.

It agrees with f at incidence vectors and is convex precisely when f is submodular [6].

Lemma 3.1 (Lattice submodularity of the Lovász extension). For x, y ∈ [0, 1]E,

f̂(x) + f̂(y) ≥ f̂(x ∧ y) + f̂(x ∨ y),

where minimum and maximum are taken coordinatewise.

Proof. For each threshold θ, let Xθ = {e : xe ≥ θ} and Yθ = {e : ye ≥ θ}. The threshold sets of
x ∧ y and x ∨ y are respectively Xθ ∩ Yθ and Xθ ∪ Yθ. Apply submodularity at every threshold and
integrate from 0 to 1.

The following certificate and its Lovász-extension proof follow Bruggmann and Zenklusen [3,
Theorem 4]; we include the three cases explicitly.

Theorem 3.2 (Fractional local-optimality certificate). Let α ≥ 1, let S, T, A1, . . . , Am ⊆ E, and let
λ1, . . . , λm ≥ 0. If

χT + (α− 1)χS∩T = αχS +
m∑

i=1
λi

(
χAi − χS)

, (1)

then
(α + 1)f(S) +

m∑
i=1

λi
(
f(Ai)− f(S)

)
≥ f(S ∪ T ) + αf(S ∩ T ). (2)

Proof. The assertion is invariant under replacing f by f − c, because both sides of (2) decrease by
(α + 1)c. We may therefore assume f(∅) = 0.
Set λ =

∑
i λi. If λ = 0, (1) forces S = T , and the conclusion is an equality. Assume λ > 0.

Rearranging the identity gives the convex combination

x :=
m∑

i=1

λi

λ
χAi = 1

λ
χT + α− 1

λ
χS∩T +

(
1− α

λ

)
χS . (3)
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Convexity of f̂ yields
m∑

i=1
λif(Ai) ≥ λf̂(x). (4)

Write I = S ∩ T and U = S ∪ T . The coordinates of x are

xe =


1, e ∈ I,

1− α/λ, e ∈ S \ T,

1/λ, e ∈ T \ S,

0, e /∈ U.

There are three possible orders of these levels.
If λ ≥ α + 1, the threshold formula gives

λf̂(x) = f(U) + (λ− α− 1)f(S) + αf(I). (5)

If α ≤ λ ≤ α + 1, it gives

λf̂(x) = (λ− α)f(U) + (α + 1− λ)f(T ) + (λ− 1)f(I)
≥ f(U) + (λ− α− 1)f(S) + αf(I).

Indeed, the difference between the two lines is

(α + 1− λ)
(
f(S) + f(T )− f(U)− f(I)

)
≥ 0.

Finally, suppose λ < α. Since the left side of (3) belongs to [0, 1]E , its allegedly negative coordinate
1−α/λ cannot occur; hence S \T = ∅. Thus S = I ⊆ T = U . If T \S ̸= ∅, the coordinate 1/λ ≤ 1
also forces λ ≥ 1, and the threshold formula gives

λf̂(x) = f(T ) + (λ− 1)f(S) = f(U) + (λ− α− 1)f(S) + αf(I).

If T = S, then x = χS and the same identity holds directly. Together with (4), all three cases imply∑
i

λif(Ai) ≥ f(U) + αf(I) + (λ− α− 1)f(S).

Adding (α + 1− λ)f(S) proves (2).

3.1 The base-polytope interpretation

The matroid base polytope is

B(M) = conv{χB : B ∈ B(M)}.

Two vertices χS and χA are adjacent exactly when A is obtained from S by one exchange. Conse-
quently, the tangent cone at χS is generated by the directions to one-exchange bases [7]. For every
other basis T , there are one-exchange bases Ai and coefficients λi ≥ 0 such that

χT = χS +
∑

i

λi
(
χAi − χS)

.

If S is an exact local optimum, then f(Ai) ≤ f(S). Applying Theorem 3.2 with α = 1 gives

2f(S) ≥ f(S ∪ T ) + f(S ∩ T ).

For monotone nonnegative f , the right side is at least f(T ). This recovers Theorem 2.4 from the
geometry of B(M); see also [3, Corollary 2].
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4 Bounded Exchanges for Several Matroids

Let Mj = (E, Ij) for j = 1, . . . , k, and let I =
⋂k

j=1 Ij . For an integer p ≥ 1, a p-exchange may add
at most 2p elements and delete at most 2kp elements.

Algorithm 3 p-exchange local search
Input: Matroids M1, . . . , Mk, a value oracle for f , an integer p ≥ 1, and S0 ∈ I.
S ← S0.
while there is A ∈ I such that
|A \ S| ≤ 2p, |S \A| ≤ 2kp, and f(A) > f(S) do
S ← A.

end while
return S.

For fixed k and p, one neighborhood can be enumerated in polynomial time. Exact local search can
still require exponentially many improving moves; a sufficiently fine multiplicative threshold makes
the overall algorithm polynomial.
Theorem 4.1 (Generalized exchange local search [5]). Let k ≥ 2. If S ∈ I is an exact local optimum
under p-exchanges, then every T ∈ I satisfies(

k + 1
p

)
f(S) ≥ f(S ∪ T ) +

(
k − 1 + 1

p

)
f(S ∩ T ).

After using multiplicative approximate local search and choosing p = Θ(1/ε), this yields polynomial-
time guarantees

1
k + ε

for monotone submodular objectives, 1
k − 1 + ε

for linear objectives.

Remark (Why one more matroid becomes a submodular objective). Given M1, . . . , Mk+1, maximize
the rank function rMk+1(S) subject to S ∈

⋂k
j=1 Ij . The rank function is monotone submodular.

From any feasible S, retain a largest subset independent in Mk+1; its size is rMk+1(S) and it remains
independent in the first k matroids. Thus a ρ-approximation for monotone submodular maximization
under k matroids also gives a ρ-approximation for cardinality intersection of k + 1 matroids.

5 Matching as a Model Case

Let S and T be matchings in a graph. Every component of S△T is an alternating path or an
alternating even cycle. This simple decomposition is the prototype for the generalized exchange
properties used in Theorem 4.1. In a bipartite graph, matchings are exactly the common independent
sets of two partition matroids.

5.1 Cardinality: short augmenting paths

Lemma 5.1 (A short augmenting path). Let ε > 0. If |T | > (1 + ε)|S|, then S△T contains an
S-augmenting path with fewer than

1 + 2
ε

edges.
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Proof. Let a and b be the numbers of path components having respectively one more T -edge and
one more S-edge. Then |T | − |S| = a − b, so a ≥ |T | − |S|. The a S-augmenting paths together
contain at most |S|+ |T | edges. One of them therefore has length at most

|S|+ |T |
a

≤ |S|+ |T |
|T | − |S|

= 1 + 2|S|
|T | − |S|

< 1 + 2
ε

.

This is a quantitative form of the augmenting-path principle [1]. If no augmenting path of length at
most ⌈1 + 2/ε⌉ exists, then S is a (1 + ε)-approximation to a maximum-cardinality matching.

5.2 A fractional family of bounded exchanges

For a submodular objective, a single augmenting path need not capture enough value. Instead, we
average many bounded alternating exchanges.

Lemma 5.2 (Bounded matching exchanges). Fix an integer h ≥ 1. For any matchings S, T , there
are matchings A1, . . . , Am and weights λi ≥ 0 such that

|Ai△S| ≤ 2h + 1 (i = 1, . . . , m)

and
χT + 1

h
χS∩T =

(
1 + 1

h

)
χS +

m∑
i=1

λi
(
χAi − χS)

. (6)

Moreover, the exchanges can be chosen so that
∑

i λi ≤ 3|E|.

Proof. Decompose S△T into alternating paths and cycles. On a path, list its T -edges in order. For
each of the h possible offsets, cut this list every h positions. Every resulting block contains at most
h T -edges. Exchange a block together with all incident S-edges in that alternating component, and
give the exchange weight 1/h. It changes at most h edges of T \ S and at most h + 1 edges of S \ T ,
so its radius is at most 2h + 1.
Across the h offsets, each T -edge is used h times. An internal S-edge is used once in every offset,
and once more in the unique offset whose cut separates its two neighboring T -edges. Its total
weighted multiplicity is therefore 1 + 1/h. An endpoint S-edge receives the missing weight 1/h from
a singleton deletion. A component consisting of one isolated S-edge is deleted with weight 1 + 1/h.
For an alternating cycle longer than 2h, take every cyclic block of h consecutive T -edges with weight
1/h. If the cycle has at most 2h edges, use the whole-cycle exchange with weight 1 and give each of
its S-edges an additional singleton-deletion weight 1/h. Thus every edge of T \ S has total positive
multiplicity 1, while every edge of S \ T has total negative multiplicity 1 + 1/h. Summing the
exchange vectors gives ∑

i

λi(χAi − χS) = χT \S −
(

1 + 1
h

)
χS\T ,

which is equivalent to (6). The construction uses total weight at most 3|E|.

The factor (1 + 1/h) multiplying χS in (6) is essential. Omitting it, as in the first line of the
handwritten sketch, makes the incidence-vector identity false.
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Algorithm 4 Bounded-exchange local search for a matching
Input: A graph, a value oracle for monotone submodular f , an integer h ≥ 1, and a threshold τ ≥ 0.
Choose a matching S containing a feasible edge of maximum singleton value.
while there is a matching A with |A△S| ≤ 2h + 1 and

f(A) > (1 + τ)f(S) do
S ← A.

end while
return S.

Theorem 5.3 (Submodular matching). If τ = 0, the output S of Algorithm 4 satisfies, for every
matching T , (

2 + 1
h

)
f(S) ≥ f(S ∪ T ) +

(
1 + 1

h

)
f(S ∩ T ) ≥ f(T ).

Hence h ≥ 1/ε gives a 1/(2 + ε)-approximation. For every fixed ε > 0, a suitably thresholded
implementation runs in polynomial time [5].

Proof. Apply Theorem 3.2 to (6) with α = 1 + 1/h. Exact local optimality makes every term
f(Ai)− f(S) nonpositive, which proves the first inequality. Monotonicity and nonnegativity give
f(S ∪ T ) + (1 + 1/h)f(S ∩ T ) ≥ f(T ).
For the polynomial version, fix 0 < ε ≤ 1 and choose h = ⌈2/ε⌉ and τ = ε/(6|E|). Lemma 5.2 bounds
the accumulated local-optimality error by 3|E|τf(S) ≤ (ε/2)f(S), while 1/h ≤ ε/2. The neighbor-
hood has size |E|O(1/ε), and multiplicative improvements give polynomially many iterations for fixed
ε. Indeed, submodularity and the maximum-singleton initialization give f(T ∗) ≤ |E|f(S0) for an
optimal matching T ∗. Thus, unless the optimum is zero, at most ⌈log1+τ |E|⌉ = O((|E|/ε) log |E|)
moves are accepted.

Summary. For one matroid, one-swap optimality gives a 1/2 guarantee. The Lovász-extension
certificate turns weighted local inequalities into a global one; generalized exchanges yield the 1/(k+ε)
bound, and alternating components specialize the argument to matchings.
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