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1 Submodular Maximization

Let E be a finite ground set. For a set function f : 2 — R, an element e € E, and a set S C F,
the marginal value of e with respect to S' is

fle]8):=f(Sufe}) = f(5).
The function f is submodular if it has diminishing returns:
fle|S)> fle|T) whenever S CT C Fande ¢ T.

It is monotone if f(S) < f(T') whenever S C T', and it is normalized if f(&) = 0.

We study two basic maximization settings. First, f is monotone and the chosen set must satisfy
a cardinality or matroid constraint. We then drop monotonicity and consider unconstrained
maximization of a nonnegative submodular function.

1.1 A cardinality constraint

Assume throughout this subsection that f : 2F — R>¢ is normalized, monotone, and submodular.
Given an integer 1 < k < |E|, consider

max{f(S): S CE, |S]| <k}.

Example 1.1 (Maximum k-coverage). Let U be a universe, and associate a subset C. C U with
each e € E. Selecting S C E covers J,cg Ce, s0

78) = ¢

ecS

This is a normalized, monotone, submodular function. The maximum k-coverage problem asks for
at most k sets whose union is as large as possible.
Greedy algorithm. Set Ay =@. Fori=1,...,k, choose

a; € arg max f(e ‘ Ai—l) , A =A,_1U {al}
eGE\Ai_l

Return Ajy.

Theorem 1.2 (Cardinality-constrained greedy). Let OPT be an optimal solution. The greedy

solution satisfies
k
F(A) > <1 - (1 - ;) >f(OPT) > (1 - i) F(OPT).

Thus greedy is a (1 — 1/e)-approximation [1].
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Proof. At iteration i, the greedy choice, submodularity, and monotonicity give

flail Az Y f(o] i)

0eOPT

vV
TR

(f(Ais1 UOPT) — f(Ai—1))
>

(f(OPT) — f(Ai-1)).

Define the residual gap A; = f(OPT) — f

—~

A;). The preceding inequality is equivalent to
1
A< (1-— E JAVER

Since f(Ap) = f(&) = 0, iterating the recurrence yields

k
FOPT) = £(4) = Ay < (1= 1) F(OPT) < e (OPT)

Rearranging proves the result. O

Remark (Continuous intuition). Put y; = f(A4;) and regard one iteration as a time step of length
1/k. The recurrence resembles the differential inequality

% > f(OPT) —y,  (0)=0.

The corresponding equality has solution y(t) = (1—e™*) f(OPT), which gives y(1) = (1—1/e) f(OPT).
The discrete recurrence above is the rigorous version of this calculation.

1.2 A matroid constraint

Let M = (E,T) be a matroid of rank 7, and let f :2F — R>0 again be normalized, monotone, and
submodular. We now consider

max{f(S):S eI}
Greedy algorithm. Starting with A9 = @, for i =1,...,r choose

a; € arg max{f(e ’ Ai—l) ee B \ A1, A1 U {6} S I}, A=A, U {CLZ}

Because the objective is monotone, greedy may be continued until A, is a basis. An optimal
independent set may likewise be extended to an optimal basis.

Theorem 1.3 (Matroid-constrained greedy). The greedy solution A, satisfies
1
f(Ar) > S F(OPT).

Thus greedy is a 1/2-approzimation for monotone submodular mazximization under a matroid
constraint [1].
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Proof. Write A; = {a1,...,a;}. By repeated basis exchange, the elements of the optimal basis can
be ordered as OPT = {o1,...,0,} so that, with O; = {o1,...,0;},

A;U(OPT\ O;) € B(M)  (i=0,...,7).

In particular, A;—1 U {0;} € Z, so o; is a feasible candidate when greedy chooses a;. Therefore,
F(A) = flai | Aica)
i=1
> floi] A1)
i=1

> Z f(oz | AT)
=1
> f(A, UOPT) — f(A,).

The second line uses the greedy choice; the next two use submodularity. Monotonicity gives
f(A,UOPT) > f(OPT), and hence

f(Ar) = f(OPT) — f(Ar).
The claim follows. 0
Example 1.4 (Tightness of the greedy analysis). Consider the partition matroid with blocks
P, ={1,2}, P, ={3,4},
and capacity one in each block. Let U = {z,y} and consider the coverage sets
Cy = {z}, Cy = {y}, C3 = Cy = {z}.

With tie-breaking in favor of element 1, greedy chooses 1 first and gains nothing from its later choice
in P, so its value is 1. The independent set {2,3} covers both z and y and has value 2.

The tie can be removed while keeping the ratio arbitrarily close to 1/2. Add an element z of weight
d > 0 to the universe, replace Cy by {z, 2z}, and give = and y weight 1. Greedy now uniquely chooses
1 first and obtains 1+ 0, whereas {2, 3} has value 2. Letting 0 | 0 proves that the factor 1/2 is tight
for this greedy algorithm.

More generally, if w: U — R>( assigns weights to the universe, the associated weighted coverage
function is

(M= > w), T CE.

uGUeeT Ce

2 Unconstrained Nonmonotone Maximization

We now assume only that f: 28 — R>( is submodular. In particular, f need not be monotone or
normalized. The unconstrained problem is

max{f(S): S C E}.
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Example 2.1 (Cut functions). For an undirected graph G = (V, F'), the cut function
f8)=16(5)l,  ScV,

is nonnegative, symmetric, and submodular. If every vertex is placed in S independently with
probability 1/2, each edge is cut with probability 1/2. Thus a uniform random cut has expected
value |F'|/2 and is a 1/2-approximation to the maximum cut.

For a digraph D = (V| F'), the directed-cut function
F(8) =107(3)]
is nonnegative and submodular, but generally not symmetric. Each arc belongs to §7(S) with

probability 1/4, so a uniform random set gives a 1/4-approximation to the maximum directed cut.

Random-half-sampling algorithm. Include each element of E independently with probability
1/2, and return the resulting set R.

Theorem 2.2 (Random sampling). For every nonnegative submodular function f,

If f is symmetric, meaning that f(S) = f(E\ S) for every S C E, then

E[f(R)] = - f(OPT).

These are guarantees for the random-half-sampling algorithm [2].

We prove the theorem through the multilinear extension of f.

2.1 The multilinear extension

For z € [0,1]%, let R(z) be the random subset of E containing each element e independently with
probability xe.

Definition 2.3 (Multilinear extension). The multilinear extension F : [0,1]¥ — R of f is

Although F' need not be globally concave, submodularity gives concavity along directions whose
coordinates have one sign.

Lemma 2.4 (Concavity along nonnegative directions). Let d € ]Rgo. For every interval on which
x+td € [0,1)F, the function
g(t) = F(x + td)

is concave. The same conclusion holds when d < 0.
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Proof. Fix distinct 4,7 € F, and let T' denote a random subset of E \ {7, j} drawn according to the
remaining coordinates of x. Multilinearity gives

2
@ =0
while
2
g (@) = ELI(T U (.3) = F(T 040}

—f(Tu{i})+ f(T)) <0
by submodularity. Consequently,

O*F

" _ T2 — .
g"(t) =d"V*F(z +td)d =) _ did, D01,

i#]

(x+td) <0

whenever the entries of d have the same sign. O

For completeness, multilinearity also gives the useful first-derivative identity

oF
6%'1'

(z) = E[f(R(z) U{i}) — f(R(z) \ {i})].

The distribution of coordinates other than 7 is the same in both terms.

2.2 Two sampling inequalities

For A C E and p € [0, 1], let A(p) be the random subset obtained by retaining each element of A
independently with probability p.

Claim 2.5. For every A C E and p € [0,1],
E[f(A(p))] = F(pla) > pf(A) + (1 —p)f(2).

Proof. The map p — F(pl,) is concave by the preceding lemma. It therefore lies above the chord
joining F(0) = f(@) and F(14) = f(A). O

Claim 2.6. For A,B C E and p,q € [0,1], sample A(p) and B(q) independently. Then

E[f(A(p)UB(q))] = (1 —p)(1 — q)f(2) + p(1 —q) f(A)
+ (1 —=p)af(B) +pqf(AUB).

Proof. Condition on A(p) and apply the first claim to the submodular function 7' +— f(A(p) UT):

E[f(A(p) U B(q)) | A(p)] = ¢f(A(p) U B) + (1 — q) f(A(p))-

Taking expectations and applying the first claim twice more, now to the random set A(p), gives

E[f(A(p) U B(q))] > q(pf(AUB) + (1 —p)f(B))
+ (1 =q)(pf(A) + (1 -p)f(9)),

which is the stated inequality. O
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Proof of the random-sampling theorem. Take

1

A=OPT, B=E\OPT, p=q=_.

Since A and B partition F, the set A(1/2) U B(1/2) has exactly the same distribution as the output
R of random-half sampling. The second claim therefore gives

E[f(R)] = 7 (f(@) + f(OPT) + f(E\ OPT) + f(E)).

1=

Because f is nonnegative, this is at least f(OPT)/4.
If f is symmetric, then f(E \ OPT) = f(OPT). Keeping these two terms in the preceding bound
gives

E[f(R)] = 5 f(OPT),

DN | =

as required. O

Summary. Greedy loses only the factor created by the constraint: it achieves 1 — 1/e for a
cardinality bound and 1/2 for a general matroid. Without monotonicity, a uniform random subset
already retains one quarter of the optimal value, and symmetry doubles this guarantee. The
multilinear extension turns these discrete sampling statements into concavity inequalities along
nonnegative directions.
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